Abstract. In this paper we study the problem of existence of fixed points of kLipschitzian and uniformly fc-Lipschitzian mappings (k > 1) defined on nonempty closed convex subset of Banach space. Using very simple method we extend Kirk and Linhart's result [5, 8] in the case of involution of order n = 3.
Introduction
Let C be a nonempty closed convex subset of Banach space E. A mapping T: C -y C is called k-Lipschitzian if 3k > 0 Vx, y e C ||Tx -Ty\\ < k\\x -y\\.
It is called nonexpansive if the same condition with k = 1 holds.
In 1970, K. Goebel [1] showed that involutions (mappings for which T 2 = I) always have fixed point if they are fc-Lipschitzian for k < 2. The Goebel's result was next extended in 1971 by W. A. Kirk [5] who showed that a mapping T: C -• C for which T n = I (n > 1) has a fixed point if
where k satisfies
Hence, for n = 3 we have the following estimate for k:
In 1973, J. Linhart [8] showed that a /c-Lipschitzian mapping T:C -> C for which T" = / (n > 1) has a fixed point if
3/79
/6237 3/79 /6237 1 ,
In 1991, J. Gornicki [2] showed that a fc-Lipschitzian mapping T:C -• C with T 3 = 7 has a fixed point if j fe < 1.2208.
Recently M. Koter -Morgowska [7] showed that a fc-Lipschitzian mapping T:C -> C in a Hilbert space with T 3 = I has a fixed point if k < 7^(0), where 7^(0) > 1.366.
In the present paper we extend previous results in the general case of Banach space for involutions of order n -3 (mappings T for which T 3 = I).
Lipschitzian mappings
We will start with the following lemma: 
]). Let C be a nonempty closed subset of a Banach space E and T:C -> C be a k-Lipschitzian. Given A, B € K with
1 = o}, ae(o,i) L L J
then T has a fixed point in C.
Note, that for a = 0.345 we obtain the evaluation ko > 1.3822, which is better than that obtained in [7] even for a Hilbert space.
Proof. We consider a sequence generated by first steps of Halpern's iteration procedure [4] as follows: let x be an arbitrary point in C, i.e. 
Uniformly Lipschitzian mappings
Recall, that a mapping T: C -* C is called uniformly k-Lipschitzian if for all n 6 N and x,y € C, \\T"x-T»y\\<k\\x-y\\. 
Nonexpansive iterate
In this section, using Theorems 1 and 2, we extend the result of W. A. Kirk [5] in a special setting. We obtain conditions sufficient to guarantee the existence of fixed points for mappings T such that T 3 is nonexpansive. Because of the strict convexity of E, C* has to be convex. Cleary C* is closed, T : C* -> C* and T 3 is the identity on C*. Thus the assumptions of Theorems 1 and 2, respectively, are satisfied for T on C*. Consequently T has a fixed point in C. •
